Gradient-dependent approximations to the functional of the kinetic energy of non-interacting electrons (T s [ρ]), which reflect various properties of the exact functional, are considered. For specially constructed pairs of electron densities, for which the analytic expression for the differences of T s [ρ] is known, it is shown that the accuracy of the quantities derivable from a given approximation to T s [ρ]: energy differences and their functional derivatives, does not reflect that of T s [ρ] itself. The comparisons between the exact values of the kinetic energy in such cases are proposed as an independent condition/criterion for appraisal of approximations to T s [ρ].
Introduction
In the quest for an orbital-free method to study many-electron systems initiated in the works of Thomas [1] and Fermi [2] , an universally applicable approximation to the kinetic energy as density functional (T [ρ]) remains an unsolved issue. The functional T s [ρ] [3, 4] of the kinetic energy of non-interacting electrons is strongly related to this quest. For molecular or atomic systems, the differences between the two functionals are rather small [5] . Approximations to T s [ρ] are not needed in the Kohn-Sham formulation of density functional theory [6, 7] because of the availability of the Kohn-Sham orbitals. This successful formal framework, although not orbital-free, could be converted into the orbital-free method if both T s [ρ] and the exchange-correlation energy functional could be reasonably approximated by means of explicit density functionals. Currently, orbital-free methods are not robust enough to be nearly as universally applicable as the Kohn-Sham equations based ones [8, 9] . The exchangecorrelation energy functional is a minor component of the total energy, whereas the kinetic energy is a major one. Whereas even the simplest approximations to the exchange-correlation energy functional applied within the Kohn-Sham framework lead to a reasonable description of many important properties of atoms, molecules, and solids, known approximations to T s [ρ] used to approximate δT s [ρ] δρ in variational orbital-free calculations lead usually to qualitatively wrong results [9] [10] [11] [12] . Although an acceptable approximation to δT s [ρ] δρ is the ultimate goal and an indispensable component of any successful orbital-free computational framework, related quantities are frequently subject of numerical comparisons instead. Most commonly, the kinetic energy itself, which is a global quantity, is subject of such analyses [8, 9, [13] [14] [15] or the density of the kinetic energy t s T s [ρ] = t s ( r) d r [16, 17] , which similarly to δT s [ρ] δρ is a local quantity. It has to be underlined, however, that t s is not defined uniquely. For a recent concise review of strategies to approximate T s [ρ] and challenges involved see [18] . This makes the relation between accuracies of t [ρ] less straightforward. Since all quantities derived from T s [ρ] would be exact if the approximation to T s [ρ] were exact, it is tempting to assume that a good approximation to T s [ρ] would also lead to good approximations to the related quantities: energy differences such as the non-additive kinetic energy bi-functional T , where X = A or B). In view of the fact that relative errors in T s [ρ] obtained from even the best approximations are in the range of 1%, this assumption should be put to scrutiny. In the present work, we analyse the differences of the kinetic energy and the associated functional derivatives. The exact numerical values of T [19, 20] (subsystem formulation of density functional theory by Cortona [19] ); (ii) methods also based on Hohenberg-Kohn variational principle which, however, use one-electron orbitals only for a selected subsystem and the total electron density as basic descriptors (orbitalfree embedding [21] ); (iii) methods using orbital-free embedding effective potential in the linear-response density-functional-theory general framework to obtain excited states of embedded systems [25, 26] ; (iv) conventional wavefunction based methods, in which the orbital-free embedding potential of [21] is used as an addition to the external potential [27, 28] .
disappears for non-overlapping pairs ρ A and ρ B . It is possible, therefore, to construct approximations to this quantity satisfying this additional condition designed for application in cases where the overlap between ρ A ( r) and ρ B ( r) is small. For such approximations, the magnitude of the electron density overlap thus provides the convenient applicability criterion.
Turning back to the subsystem formulation of density functional theory by Cortona [19] , it can be considered as a possible alternative to Kohn In the case of weakly bound intermolecular complexes, this repartition corresponds to the molecules forming the complex. As far as interaction energies and equilibrium geometries are concerned, local density approximation applied in Kohn-Sham calculations is known to lead to unsatisfactory results whereas the same approximation applied in the subsystem based calculations simultaneously for exchange-correlation-and non-additive kinetic components of the total energy leads to good results in many cases [22, 23] . This is probably the result of mutual cancellation of errors in the exchange-and kinetic energy contributions to the interaction energy in the weakly overlapping case. For the same reasons, the dissociation of such complexes, which are known to be wrongly described by semi-local Kohn-Sham calculations [24] , can be expected to be better described by semi-local subsystem-based calculations.
Our previous analyses concerned the applicability of several semi-local approximations to T s [ρ] denote the exact quantities. Approximated quantities indicated by means of the acronym of the approximation appr (appr = GEA0, GEA2, W, etc). The symbols ρ, ρ A , ρ B and ρ X are used for unspecified functions. Any other index added to ρ indicates a specific electron density.
Numerical calculations

Exact reference data for
We consider a spin-compensated four-electron systems, for which the ground-state electron density is noninteracting pure-state v-representable. Such system can be described by means of Kohn-Sham equations [6] . Throughout the text, φ 1 and φ 2 denote the two canonic KohnSham orbitals i.e. one-electron functions solving Kohn-Sham equations. The orbitals φ 1 and φ 2 and the ground-state electron density are linked by a simple relation (ρ (4) 
. For a particular partitioning of ρ (4) into two spin-compensated components: ρ (2) α and ρ (2) α , where
and ρ (2) 
where (2) α , ρ (2) 
where
We underline that neither the exact Kohn-Sham effective potential nor the exact groundstate electron density is required to obtain ρ KS 2 are well defined.
Approximations to T s [ρ]
In this work, we study the relations between the accuracy of closely related quantities:
δρ X obtained using the same approximated functional for the kinetic energy T appr s
[ρ] and the definitions of these quantities in the exact case:
The group of considered approximations comprises semi-local functionals depending only on two quantities: electron density and its gradient. Such functionals are too simple for the purpose of orbital-free calculations as pointed out by several authors (see [9, 11] for instance). They are, however, of potential interest in approximating the effective potential in practice, either in fully variational calculations based on the subsystem formulation of density functional theory [19] or in partially variational calculations to obtain orbitals embedded in an orbital-free environment using one-electron equations (equations (20) and (21) in [21] ).
Functionals of the following general form are considered:
where s = |∇ρ| 2ρk F with k F = (3π 2 ρ) 1/3 , whereas the function F appr (s) (enhancement factor) determines the gradient-dependence in each case: 
Except for T 
[ρ] by additional terms representing contributions due to higher orders. A common property of all the functionals in this group is the correct uniform electron gas limit. Additionally, the T [ρ] is based on an ad hoc assumption ('conjointness conjecture' [33] 
The considered four-electron systems
The analytic expression for T nad s [ρ α , ρᾱ] given in equation (3) holds for any pair ρ α and ρᾱ obtained from the proposed decomposition of the electron density in a spin-compensated fourelectron systems. It is worthwhile to note that any external potential and any approximation to the exchange-correlation potential can be used for this purpose. We underline that, for each particular choice for the external potential and for the approximation to the exchangecorrelation potential used in the Kohn-Sham equations to obtain the four-electron density, ρ KS 1 and ρ KS 2 used in equation (3) are not defined uniquely because the two generating Kohn-Sham orbitals can be subject to an unitary transformation. In view of possible multitude of pairs ρ α and ρᾱ of chemical relevancy, we focus our demonstration of applicability of equation (3) as a quality criterion for approximations to T s [ρ] on a small number of cases. They correspond to various types of intermolecular complexes, in which the overlap between the orbital densities in such systems varies considerably. We underline that systems, which dissociate into two spin-compensated two-electron fragments, are representative for a more general situation as far as the density overlap is concerned. We note that far from molecular centre the behaviour of the electron density is known to be determined by the highest occupied KohnSham orbital. Therefore, the density overlap in the case of a sufficiently separated two twoelectron systems is also representative for densities comprising more than two electrons in each subsystem.
The doubly-occupied pairs of orbitals (φ 1 and φ 2 ) used to construct ρ 
Results and discussions
Among the studied systems are such, where the orbitals φ 1 and φ 2 are localized in different regions in real space or such, where both φ 1 and φ 2 extend over the whole system (see figure 1 ). In the former case, the overlap between the orbital densities ρ KS 1 and ρ KS 2 is small and it diminishes rapidly with increasing intermolecular distance reaching zero at the dissociation limit, whereas their overlap is strong in the latter one. The accuracy of T appr s
, where the label appr is used to identify one among the considered approximations listed in table 1, is analysed in separate sections below. [ρ] reduces this error significantly, which is in line with trends reported in other surveys [5] . As expected, all gradient-dependent functionals perform better than T (3) and (4) (3) and (4)) 
Kinetic energy: T s [ρ]
Except the for zero-overlap case, neither T ] differ in sign, the second-order expansion (GEA2) is usually a better approximation to this quantity than GEA0.
All remaining approximations (OL1, OL2, E00, P92 and LC94) comprise the common non-negative component T [ρ], we introduce a dimensionless quantity κ appr defined as
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The functional derivative:
The functional derivative
( r) is a local quantity. It corresponds to one of the components of the effective potential in one-electron equations for embedded orbitals [21] . Opposite to the global quantities discussed so far such as T s [ρ] and T nad s [ρ A , ρ B ], for which exact reference values could be obtained, no exact reference potential is available for the considered systems. We note, however, that the electron density ρ (4) 0 derived from the Kohn-Sham calculations represents also the total electron density obtained from a coupled pair of two sets of coupled one-electron equations for embedded orbitals (equations (20) and (21) can be used as indicators of quality of the applied used approximation [29] [30] [31] . It is convenient to discuss the differences between these electron densities using a global quantity M defined as
where N = 4 in the present work. For the exact functional:
It is worthwhile to note that ρ KSCED(appr) A and ρ
KSCED(appr) B
are not the same as the orbital densities discussed in the previous section because they are obtained from different equations. All the considered approximations satisfy the exact limit T with increasing overlap does not start at the same inter-subsystem distance. GEA0 appears to be the best as the critical point, at which M starts a rapid increase, occurs at the shortest inter-subsystem distances. LC94 results resemble closely the GEA0 ones. Other approximations are usually worse (increase in M appr ). In the case of Li + -H 2 (see figure 7) and other systems comprising Li + [43] , GEA2 leads to larger errors in
For charged systems, a significant modification of the electron density of isolated subsystems can be expected to occur as the results of complexation. Since the changes of the electron density are determined by potentials, the electron density in such systems is prone to flaws of the approximation used for
, which follows replacing GEA0 by GEA2, is in line with similar trends reported for other systems characterized by large complexation induced changes of electron density [31] . It is probably the result of the spurious negative values T 
Conclusions
In this work, we demonstrate that using a given approximation to T s [ρ] to derive related quantities (energy differences and their derivatives) leads to errors, which do not correlate with those of the kinetic energy itself. Although, all quantities derivable from a given approximate expression for T s [ρ] would become also exact if this expression were exact, the lack of correlation along the series
indicates that a dedicated analysis of these quantities is not redundant because the known approximations to . Reduced density gradients s are small near the nuclei, where the electron density is large, whereas they diverge far from the nuclei due to the exponential decay of the electron density. is erratic as compared to local density approximation. This flaws of the secondorder gradient expansion approximation are not corrected by such terms due to higher orders in the gradient expansion, which are derived from either scaling considerations or take into account higher powers of s. A pragmatic solution to this problem, proposed in [29, 30] is based on cutting off smoothly the contributions to T s [ρ] due to large s. The enhancement factor in the kinetic functional by Lembarki and Chermette [44] in the case of small overlaps between ρ A and ρ B , i.e. in the most promising domain of applicability of gradient-dependent approximations. All the functionals
